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1 Motivation

e Matrix variate normal (MVN) [Gupta and Nagar, 1999] is a popular choice of variational
posterior of neural network (NN)’s weights. It has been used by recent methods for bayesian
neural networks [Louizos and Welling, 2016, Sun et al., 2017, Zhang et al., 2017]. MVN
is parameterized by mean matrix and two Kronecker factors of the covariance. That is
X~ MYN(X|M, A, B) < vec(X) ~ N (vec(X) | vec(M), A ® B).

e Variational autoencoder (VAE) [Kingma and Welling, 2013, Rezende et al., 2014] meanwhile,
is a popular latent variable method, which models the posterior of NN’s hidden units. It uses
inference network to parameterize the factorial Gaussian posterior of hidden units.

e Idea: Can we instead use inference network to parameterize the MVN posterior of NN’s
weights?

— By doing so, hypothetically we enjoy the power of NN to represent the posterior, while
can still benefit from our familiarity with Gaussian, e.g. tractability.

— From different perspective, we can see this as a Bayesian version of hypernetworks [Ha
et al., 2016].

e This is in contrast to: (i) directly doing variational inference (VI) on MVN posterior’s
native parameters [Louizos and Welling, 2016, Sun et al., 2017], (ii) by using some implicit
distributions [Pawlowski et al., 2017, Krueger et al., 2017, Louizos and Welling, 2017],
or (iii) by using simple Laplace approximation [Ritter et al., 2018] on the MAP estimate.
See Section 3 for the complete discussion.

e Hypothetical justification:
— Our proposed method should perform better than methods in (i) as our posterior is
more expressive due to the usage of the inference network.

— For point (ii), as we use MVN which is tractable, we know how to both sample and
evaluate the posterior in closed form, whereas in implicit models, we can only sample.

— Lastly for point (iii), Laplace approximation only captures the local covariance around
the mode, so it might not capture the global properties of the posterior. Meanwhile
our proposed method is a full variational method, so we can better capture the global
structure of the posterior.

2 Proposed approach

e Notations:

X is the input.

‘W, is the [-th layer weight matrix.
h; is the I-th layer hidden units.

y is the outputs.

o is pointwise nonlinearity.
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— L is the number of NN layers.
e Assumptions:
— Multi layer perceptron (MLP) architecture.

— Diagonal MVN variational posterior on each weight matrix.

— The MVN variational posterior’s mean matrix and both factor matrices are parameter-
ized by a neural network.

e Model:
— Denote W as the concatenation of all W, forall [ =1... L.
— Let Qjcj = ag, .. .,5-1.

— The graphical model is a chain.
— Denote hy := X and hy, :=1y.

p(W) :==p(W1 | X)p(W3 | h,W,X)...p(Wg | hjcp,, Wi, X) )]
=p(W1 | X)p(W2 |hy),...,p(Wr|hy 1) 2

L
H (Wi [h;q) 3)

e Variational posterior:
— The prior is MVN (W, |0,LI) Vi=1...L.
- (W hi_1, ¢;) = MVYN (W, | M,,diag(a;), diag(b;)) is the I-th layer posterior.
— fi(h;—1; ¢;) is the inference network modeling M, a;, b; with parameters ¢,.

¢ Generative process:

— Note at layer L, o is the identity map.

— Foreachlayerl=1...L:
* My, a;, by = fi(hi—1;¢,).
x W, ~ MVYN (W, |M,, diag(a;), diag(b;)).
* hl = O'(hl_lwl).

e Learning:

- Let (W | h,¢) := HzL:1 q(Wilh;_1, @), where ¢ is the concatenation of ¢, for all
l=1.

- Mlmmlze negatlve evidence lower bound (ELBO) objective:
£(6) = AL, Deala(Wi [ By-1, ) || MYN (0, LT)] — E, [p(y | X; W].

2.1 Reducing parameter count

A couple of approaches have been proposed to reduce the parameter count of a hypernetwork.
First, Ha et al. [2016] parametrize the (main NN) weight W by a matrix V and a vector d. If the
weight matrix is in R"*€¢, then V is also in R"*¢, while d is in R". Then,

dyvy

dava

W = “4)

drvy
That is, each element of d is used as the scaling for each row of the matrix V to produce W, which
implies we are only able to express W with less degree of freedom. However, the crucial advantage is
that only d comes from hypernetwork, thus we have more efficient parametrization compared to the

hypernetwork with the full matrix as the output. Therefore, this approach is a compelling trade-off
option between expressiveness and computational cost.

Similarly to Ha et al. [2016], Krueger et al. [2017] proposed to use vector scaling d on a matrix
V. The main distinction is that now the matrix is row-normalized. Thus this is analogous to



Model #params

Vanilla & Dropout 79,400
MVN 80,394
Naive hypernet 2,518,794

Hypernet with vector scaling 164,198

Table 1: Number parameters of various models on small MLP of size 784-100-10, without bias for
simplicity. The hypernetworks’ hidden layer size is 30, if applicable.

weight normalization scheme [Salimans and Kingma, 2016]. All in all, the expressiveness of the
parametrization of this method is similar to that of Ha et al. [2016].

Similar to both approaches, we propose to use vector scaling parametrization indirectly, i.e. we scale
the mean matrix M of the variational posterior, instead of scaling the weight matrix directly. We
compile the comparison of these approaches with the other parametrizations, presented in Section 2.1.

3 Related work

e [ ouizos and Welling [2016] and Sun et al. [2017] proposed to use diagonal MVN as the
variational posterior for each layer in an NN. The variational parameters are one mean
matrix and two factor matrices per layer. In contrast, our proposed method’s variational
parameters are the parameters of the neural networks.

e Zhang et al. [2017] uses Kronecker factored Fisher information matrix (FIM) as the covari-
ance of MVN variational posterior. Their main contribution is the learning algorithm, called
Noisy K-FAC [Martens and Grosse, 2015], as it is derived by applying Natural Gradient
(NG) on ELBO objective.

e Blundell et al. [2015] proposed Bayes-by-Backprop (BbB) algorithm which models the
weights of an NN with diagonal Gaussian. As in Louizos and Welling [2016], BbB does not
use inference network to parametrize the variational posterior.

e Hernandez-Lobato and Adams [2015] proposed to use fully-factored Gaussian posterior
combined with Expectation Propagation method [Minka, 2001], resulting to a method called
probabilistic backpropagation.

e Our proposed work, meanwhile is combining the power of neural network with tractable
posterior: we use inference network to parameterize MVN variational posterior. It very
similar to VAE [Kingma and Welling, 2013, Rezende et al., 2014], as we have similar
architecture, though we focus on the posterior over weights instead of over hidden units.

e From different perspective, our proposed method is a Bayesian version of hypernetwork [Ha
et al., 2016]. That is, we use hypernetwork as the inference network to parameterize the
variational posterior.

e Kirueger et al. [2017] also proposed a Bayesian version of hypernetwork. However they
use an implicit distribution as their variational posterior. In contrast, we still use tractable
variational posterior, thus we can still evaluate the likelihood of the variational posterior
in closed form. This work does not consider the full posterior of the weight, but instead
only considers the vector factor of the normalized weight matrix [Salimans and Kingma,
2016]. Thus their method is efficient, even though they sacrifice the expressiveness of the
variational posterior.

e Pawlowski et al. [2017] proposed to use hypernetwork to parameterize implicit distribution,
resembling generator network in GAN. It differs from Krueger et al. [2017] in the choice of
the model and the approximation of the KL-divergence term in the ELBO objective.

e [ ouizos and Welling [2017] proposed Multiplicative Normalizing Flow (MNF). The main
idea is use auxiliary random variable z to formulate the variational posterior in the form
of (W) = [; @(W|z)dp(z), i.e. a mixture distribution. Thus, although they choose
(W | z) to be MVN, ¢;(W) can represent complicated distribution. The latent variable
z is transformed with a variant of normalizing flow, i.e. MNF, to further enhance the
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Figure 1: Various approaches applied on the toy regression problem [Herndndez-Lobato and Adams,
2015]. The black line is the true (noiseless) function, orange line is the mean, and shaded region is
the £3 standard deviation of the model’s predictive distribution.

expressiveness of ¢;(W). The trade-off of this approach is that the variational posterior is
now intractable and MNF must resort on approximation when computing the KL-divergence
term of the ELBO. In contrast, our proposed approach uses arbitrary neural network instead
of normalizing flow, and uses MVN variational posterior so it is tractable.

e Ritter et al. [2018] proposed to use simple, cheap, and scalable approximation of the
posterior. The method can be summarized in two step: MAP estimation of weights and
Laplace approximation [MacKay, 1992] of the posterior around the MAP estimate. The
covariance of the Laplace approximation is obtained by using Kronecker factored FIM, thus
they assumed block diagonal structure on the FIM. This FIM can be approximated efficiently
using running average of minibatch statistics. Though fast, simple and can be applied on
any MAP-trained NNs, Laplace approximation can only capture the local structure around
the MAP estimate, and might not be able to capture the global property well.

4 Preliminary result

The results presented in this section were produced using almost identical hyperparameters. That is,
we optimized all models for 20k iterations, batch size of 200, using default parameter of Adam. The
only hyperparameter that we tuned was the regularization strength: the KL-term and the L?-term
on ELBO and MAP objective respectively. For MNIST dataset specifically, we tried out all values
in {107"}>_,, and pick the one which balances uncertainty on notMNIST while still maintaining
reasonable accuracy on MNIST (i.e. at least achieve 95% accuracy on MNIST test set). Finally, the
predictive distribution is approximated by averaging over 100 variational posterior samples.

4.1 Toy regression

We consider the toy regression problem [Herndndez-Lobato and Adams, 2015]. The model is MLP of
size 1-100-1, along with 10 hidden units on each hypernetwork. Note that we do not use hypernetwork
in deterministic, dropout, and (non-hypernetwork) MVN [Louizos and Welling, 2016] settings. The
results are presented in Figure 1. As can be seen above, the mean of the predictive distribution is closer
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Figure 2: Preliminary results of the CDF of the predictive entropy on MNIST with small MLP.
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Figure 3: Accuracy and average entropy of various methods when attacked by FGSM with varying
perturbation strength.

to the true function, even though we have only few data points, compared to the non-hypernetwork
MVN posterior, the dropout, and deterministic model.

Furthermore, parametrizing the variational posterior with vector scaling does not seem to have any ill
effect in this case, compared to the naive parametrization. Thus this provides a justification for our
proposed approach. Therefore from now on, we will only consider the vector scaling parametrization.

4.2 Out-of-distribution uncertainty

We did an experiment on MNIST similar to Louizos and Welling [2017], Ritter et al. [2018]: we
trained our model as usual with MNIST training set and observed the uncertainty on both MNIST
test set and notMNIST ! test set. Hypothetically, a good model would predict with high accuracy
and low uncertainty (high confidence) on MNIST test set, while reporting high uncertainty (low
confidence) on notMNIST test set, as notMNIST data are not identically distributed to MNIST data.
We use an MLP of size 784-100-10 in this experiment. If applicable, we use 50 hidden units for the
hypernetworks.

The results are presented in Figure 2. We follow Louizos and Welling [2017] by plotting the CDF of
the entropy of the predictive distribution w.r.t. both test sets. A good models will have a CDF that is
closer to the top left on MNIST, implying it has low uncertainty; while having a CDF that is closer
to the bottom right on notMNIST, implying it has high uncertainty. We observe that our proposed
approaches, attains competitive results.

! Available at http: //yaroslavvb.blogspot.com/2011/09/notmnist-dataset . html.
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Figure 4: Accuracy and average entropy of our proposed model, with varying regularization strength
. Circle indicates accuracy, while cross indicates entropy.

4.3 Adversarial examples

To measure the robustness of our proposed method to adversarial examples [Szegedy et al., 2013,
Goodfellow et al., 2014], we apply Fast Gradient Sign Method (FGSM) [Goodfellow et al., 2014] on
MNIST test set w.r.t. our proposed approach and the baselines. The results are presented in Figure 3.
We observe that our method is able to at least match the uncertainty produced by the baselines, while
significantly more robust (in term of accuracy) to the adversarial attack.

It is also interesting how the regularization strength influence our proposed method. To answer this
question, we experimented with several values of A and plot each of the accuracy and the entropy
in Figure 4. We can observe that A can be seen as trade-off hyperparameter to control between
robustness and higher uncertainty. Observe also that using A = 0.01, we achieve almost no drop in
the accuracy, even when the perturbation strength is at the maximum.

5 Next step

e We propose to use diagonal MVN. Would it be possible to use more fine-grained covariance
structure while keeping the complexity in check? E.g. model the covariance factors A;, B,
as rank one matrices.

e Explicitly drawing samples of weights can be very expensive as we draw one weight matrix
per layer per data point. Thus each layer’s sampled weights is a 3-dimensional tensor.
Instead we can use local reparametrization trick [Kingma et al., 2015] to instead draw
samples of h; directly which is a matrix of usually much lower dimensional.

e There seems to be a connection between the size of the inference network and the perfor-
mance, especially in the adversarial attack experiment. It might be instructive to experiment
further on this.

e It is interesting to apply the idea to convolutional neural networks (CNNs). We can assume
that the kernels in each layers are i.i.d, which reduces the number of parameter further.

e Finally, MVN assumption on variational posterior is limiting, in the sense that it is can-
not captures multimodal distributions which the true posterior of NN exhibits. Implicit
distributions have an advantage in this regards. Can we make this better?

— We can maybe use approximate posterior in the form that being used by Louizos and
Welling [2017] above. Is there a way to maintain tractability in this form? What if we
use simple p(z)?
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