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Abstract

ReLU networks, in conjunction with maximum a posteriori estimation, produce
overconfidence predictions far away from the training data. Recently, it has been
shown that cheap Gaussian-approximated Bayesian methods can mitigate this
issue to some degree. However, asymptotically, the confidence of these Bayesian
ReLU networks only converges to a constant, which can be loose depending on
the network. We propose a simple heuristic, based on the tempering framework,
that is applied on the distribution over logits of these networks, where we let
the temperature parameter depends on the input. This method gives a stronger
asymptotic confidence guarantee compared to the previous work: Far away from
the training data, the confidence decays proportionally to the distance and uniform
at the limit. Meanwhile, we also show this method does not change the decision
boundary of the underlying network and the confidence near the training data is
still close its original value.

1 New Stuff added here for easy reference

Consider WLOG, a three-layer binary ReLU classification network:

fo(x) := wy r(Wir(Wox + bg) + b1) + ba
where
0 == {Wo, W1, ws, b, b1, b2} € RY,
with
WO c RNlXNO,W1 c RN2><N17w2 c RN2 7
bo e RV by e RM2 by € R,

and r is the component-wise ReLLU function. Given a dataset D, we consider the loss function
¢:RPY 5 R

The idea is to add additional inactive ReLLU units, as follows. Define ]\71 = Ny + M; and ]\72 =
Ny + M, for some M7, My € N. Then we define

6 := {Wo, Wy, 3, bo, b1, ba} € R,
with
WO c RNHXNO Wl c RNzXN1 ZDQ c ]RNQ
by € RM b € RM by € R,
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where for each ¢ # 0, we append additional M/;_; columns containing zeros to W;. In other words, we
have that (W;);, = 0 if & > N,_;. Furthermore, the (regularized) loss function is now ¢ : RP - R.

We can confirm that, under this construction, for any x, we have that f;(x) = fy(x). Moreover, for

each i # 2 the gradient of the last M;, rows of W; is zero. Thus, we can choose these particular
components to “augment” the uncertainty of the classifier, without changing the prediction.

Proposition 1 (Uncertainty Guarantee). Suppose fy, f5 are as defined above and last-layer Laplace

approximations are used to obtain the respective posterior N'(wy | j1, ), N (s | i, X2). Then, for
any input x and any M € N additional ReLUQ units, the approximate-Gaussian variance of fz(x) is
strictly larger than that of fo(x).

Proof sketch. The variance of fg(7) is ¢(x) " Lé(x). Via an eigendecomposition, it can be writ-
ten as Zf Ai(2)(Q¢(x))? =: v. Using the same argument, the variance of f;(z) is given by

Zf Xi(2)(Q¢(x))? =: © where P > P. Note that 3, 3. are SPD, thus the summands are all positive.
Therefore v > v, because v has more summand than v. O

1.1 Possible geometric interpretation

The graph of the loss £ on Euclidean space forms an embedded submanifold of codimension one, i.e.
a hypersurface, in R” x R ~ R”*1. The the graph of / is a hypersurface in the higher dimensional
space RP+1 but restricted to the subset RP+1  RP+1 it is exactly the loss landscape of /.

Suppose we use a Laplace approximation with posterior mean x (a local mode of the loss landscape).
For each z, the variance v(z) of the prediction fp(x) can be approximated with the quadratic form
g(z) T H~'g(x), where g(z) is the gradient of fy w.r.t. § at ;1 and H is the Hessian of the loss w.r.t.
0 at p1. This means that, in the eigenbasis @) of H —1. we can write the variance as

N ] 2
)~ 2 3y Qo

The key point here is that since p is a stationary point, \;(H) is the principal curvatures, since the
Hessian matrix H in this case is the same as the second fundamental form’s matrix representation.
The principal curvatures are extrinsic, thus depend on the embedding of the submanifold. We can we

think that ReL.UQ is a choice of embedding of the original loss landscape onto RP+1, The goal of
this method is therefore to find such embedding, modifying the principal curvatures, s.t. the variance
has the desired properties.

2 Introduction

Meaningful uncertainty estimates on the predictions of deep networks are important in mission-
critical applications such as self-driving vehicles. Without them, deep networks are susceptible
to out-of-distribution data since they are known to be overconfident: except around the decision
boundary, their predictive confidence is arbitrarily close to one. Specifically for ReLU networks,
this overconfidence problem has been studied recently by Nguyen et al.| [2015], Hein et al.|[2019].
It can be shown that far away from the training data, the prediction of ReLU networks converges
to one. One can therefore cannot trust the confidence estimate that ReLU networks output. This is
problematic since this means that these networks cannot even detect such obvious out-of-distribution
points.

Recently, it has been shown that by employing Bayesian methods on ReLLU networks, this issue
can be mitigated. Specifically, Kristiadi et al.|[2020] showed that applying Gaussian-approximated
Bayesian methods onto pre-trained ReLU networks, e.g. via a simple Laplace approximation, could
make their confidence asymptotically constant. However, their result does not necessarily imply
that the confidence is asymptotically uniform, which is the ideal outcome. Furthermore, their bound
depends on the spectrum of the covariance matrix of the approximate posterior. Thus, depending on
the network, this bound can be loose.
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In this paper, we propose a simple heuristic method to fix the aforementioned problems in Gaussian-
approximated Bayesian ReLU networks. Our method is based on the tempering technique that is
ubiquitously used in Bayesian inference [Wenzel et al.| 2020, etc.]. However, instead of tempering
the posterior with a constant temperature, we temper the distribution over logits with a temperature
that depends on the input. We therefore call our method “dynamic predictive tempering” or DPT
in short. We show that DPT yields (i) confidence arbitrarily close to 0.5 far away from the training
data nad (ii) uniform confidence in the limit. Furthermore, we show that, DPT does not change the
underlying decision boundary of vanilla Bayesian prediction, thus maintain the original accuracy of
the network.

We begin this paper with an exposition to the overconfidence problem of ReLU networks and how
can Bayesian methods mitigate this in Section[3] In Section ] we introduce DPT and analyze its
properties. Related work will be discussed in Section [5| while empirical results in Section [f]

3 Bayesian ReLU networks

We call a function f : R — R* piecewise affine if there is a decomposition of the input space R"
by a finite set of polytopes { P4, ..., P} such that the restriction f|p, is affine foreachi =1...7.
These polytopes are referred to as the linear regions of f. ReLLU networks are neural networks that
results in piecewise affine function on the input space [Arora et al., |2018]|]. This class of networks
includes any neural network that is composed by fully-connected and convolution layers, along with
ReLU or leaky-ReL U activation function and max- or average-pooling. Commonly, these networks
are trained via a maximum a posteriori (MAP) estimation. Thus in the rest of this paper, unless stated
otherwise, by ReLLU networks we refer to MAP-trained ReLLU networks.

ReLU networks are arguably the most widely used deep architecture due to its high accuracy. However,
they are not suitable for answering any problem beyond decision problems that requires accurate
uncertainty estimates, since they tend to be overconfident. [Hein et al.|[2019] showed that, given a
ReLU network fg : R” — R¥, for almost any input point 2 € R™, as a > 0 goes to infinity, the
confidence

i
max _softmax(fyp(ax),i) ;= max keXP fo (0@)
{1,....k} i={1sk} SO0 exp f (o)

of ax goes to one. In most realistic problems, even a finite « could already yield such obvious
out-of-distribution data, for example in natural image classification, where the in-distribution data is
fully contained in the unit box [0, 1] C R™. This problem shows that the uncertainty estimates of
ReLU networks cannot be trusted and are useless for detecting out-of-distribution data far away from
the training data.

i=

In what follows, we focus on the binary classification case due to the lack of analytic approximation
of the integral of softmax function w.r.t. a Gaussian measure. Note that, in this case, the confidence is

defined by
conf(x) := max o(fp(z)) =o(|fo(z)]). (1)
1€{0,1}
The second equality follows from Proposition 123 in the appendix. We will revisit the multi-class
case in the empirical analysis.

Recently, [Kristiadi et al.|[2020] argued that this overconfidence problem is due to the usage of
point estimate for making predictions in a ReLU network. Approximate Bayesian methods with
Gaussian posterior are therefore proposed to mitigate this problem. Let fy : R™ — R be a binary
ReL U classifier, p(y = 1|z,0) := o(f¢(z)) be the likelihood[], and p(0|D) ~ N (0|u, X) be the
approximate posterior, obtained via e.g. a Laplace approximation or variational Bayes. Given an
input x, the distribution over the logits fg(x) can further be approximated via a linearization fy(x),
seen as a function of # [MacKayl [1995]. That is, if we let g(x) := V fg(x)|, to be the gradient of
fo(x) wrt. 0 at u, we have the following first-order Taylor’s expansion:

fo(x) = fu(z) + g(x)" (0 — p),
and thus we have

p(fo(x)l, D) = N(fo(x)| fu(x), 9(x) "Zg(z)) . 2

'o(2) :=1/(1 4 exp(—=z)) is the logistic function.
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The predictive distribution is given by the following integral

p(y = 1]z, D) = / o (fo(@))p(fo @)\, D) dfi(2) 3

which can be approximated via the convolution of probit function [MacKay, |1992], which gives us

Ju(@) =:0(2(x)).
s E) ) v

p(y =1z, D) ~ 0(

Using this framework, [Kristiadi et al.|[2020] analytically showed that the marginalization in (3]
gives for any input z, confidence that asymptotically converges to a constant. Furthermore, they
show empirically that for popular ReLU networks like LeNets or ResNets, the confidence already
converges in finite distance regime, i.e. when o < 00, in both binary and multi-class cases.

4 Dynamic tempering

The analysis of |[Kristiadi et al.| [2020] reveals that, popular approximate Bayesian methods could
mitigate the overconfidence problem of ReLU networks to some degree since their proofs disregard
the distance between an input x and the training dataset D. Furthermore, the confidence is only
asymptotically constant, depending on the minimum eigenvalue of the posterior covariance X. In
some networks, it might be the case that this eigenvalue is too small such that the bound becomes
loose. Based on this problem, we formulate the following two desiderata: (i) far away from the
training data, the confidence should be e-close to 0.5, and (ii) it should be uniform in the limit, not
merely a constant. Fulfilling these desiderata—thus “fixing” Bayesian methods—is our principal
focus in this section.

To that end, we propose a simple heuristic based on the tempering framework. However, whereas
usually the tempering is done to the posterior p(6|D) via some constant parameter ¢, we propose to
temper the distribution over the logits given an input x with a “dynamic” parameter ¢(z) that
depends on z instead. That is, we follow the construction of the Bayesian ReLU networks in the
previous section, but we use the following tempered distribution instead of (2):

pe(fo(z)|z, D) :x p(fo(x)|x, D)

X ex *; X X 2 t(Z)
(=505 o) o))
= M@ () 1)~ var o) ®)

where ¢ is a function R” — R and we have used var(fp()) := g(x) " Zg(z) (cf. @)). It is easy to
see that (4) now becomes

fu(z)
(1+7/8t(x) "L g(x)TSg(x))2

Note that the difference between (3) and (6) amounts to the additional scalar term 1/¢(z) in the
denominator. One can then substitute o (fp(z)) in (I) with (6) to obtain the tempered Bayesian
confidence:

p(y=1z,D)~o ( > = o(z(x)). (6)

confy(x) = o(|z¢(z)]) . (7N

How can we define ¢ such that we fulfill our desiderata? Since we would like to capture the distance
between an input to the training dataset, one option is to use the information given by the data density
p(x) approximated by the training data D. Let t(x) o p(z) be proportional to p(x). Then, it is clear
that the value ¢(z) will be high if z is close to D, since D are assumed to be sampled from p(x).
Conversely, if « is far away from D, then ¢(x) will be close to zero since it lies on the low-density
region of p(z).

More concretely, let us assume that the density p(z) is approximated with the kernel density estimator
(KDE) with a Gaussian kernel with length-scale /:
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where d(z, x;) := ||x — x;||2 is the Euclidean metric. We can then define ¢ : R™ — (0, c0) as

m

Zexp( 2@2 .23 xi)2> ) ®)

since the only requirement is that ¢ o< p. This construction has the following properties.

Lemma 1. Let t be defined in B), and x € R™ be arbitrary. Then, it holds that limg_, . t(6z:) = 0.

Proof. First, we note that lims_, . d(dz, 2;)? = oo for eachi = 1,...,m and that the exponent is
continuous everywhere. Therefore we can write

2
61;120155:5 Zexp( Y2 xxz)>

thus ending the proof. O

Lemma 2 (Hein et al.,[2019). Let {Pi}le be the set of linear regions associated to the binary ReLU
classifier fo : R™ — R. For any x € R™ there exists 3 > 0and j € {1,...,r} such that 6x € P;
for all 6 > B. Furthermore, the restriction fy|p; of fo to P; can be written as the affine function:

folp, (2) = w(9) & +b(9),
forall & € P;, where w(0) € R™ and b(6) € R are some vector and scalar that depend on . [

We shall refer to the polytope P; given by Lemma as the outer polytope of fg w.r.t. x. We are now
ready to state our main theorem, which states that given a ReLU network fy and any test point x, at
the corresponding outer polytope, the confidence is asymptotically low. Furthermore, the confidence
is uniform at the limit.

(The following assumes that we don’t have biases. Need to show similar results with biases. J

Theorem 1. Ler fy : R™ — R be a binary ReLU classifier without bias vectors, N (0|, 2) be the
posterior, and let t : R™ — (0, 00) be defined in [§). Then for any test point x € R™ and arbitrary
€ > 0, in the outer polytope of fg w.r.t. x, there exists § such that if

min d(dz,x;) > \/_g2 log (—1og(6+10'5 —1))2var(fo(z))

i=1,....m m|f#($)‘2 7

then it holds that 1
conf;(dz) < 3 +e.

Furthermore, in the limit with 0 — oo, the uniform confidence conf(dx) = 0.5 is attained.

Proof. By Lemma[2] at the outer polytope of fp w.r.t. z, say P, we can write the restriction of fy to

P as
folp(0x) = w(8) " (62) = dw(8) "z = 4 fy(x),
where 6 > 3. Furthermore the gradient of fy(dx) w.r.t. 8 (evaluated at y) can be written as follows:

g(x) =V fo(6x) = J " (6x) =6J "z,
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where the n x p matrix .J is the Jacobian dw /00 at p1. The term inside the logistic in (7) is therefore
Ofu(x
[(02)] = -1 | l;( )L T T2))3
(1+t(dz) ' 7w/882(JTx)TE(JTx))=
3| fu(z)]
= 5 (#02) m/Svar(folw)))
V)]
var(fo(z))
Let d(6x, D) := min;—1,...m, d(dz, z;). Notice that

Zexp (—d o, ;) ) < mexp (—pd(éaz D) )

Leta := — log(m — 1). Substltutmg the previous inequality into (9) and using the hypothesis on
d(dx, D) yields

€))

a? var T
& (—) log el ) | 1, ()]

Var(fe(x))

2 var(f,
S fu(@)

var(fo(z))
_ o/var(fo(x)) | fu ()
|fu(@)|y/var(fo(x))

= .

IN
Q
3
@
o]
e}
/_-\
N‘H

Since the logistic function is monotonically increasing, it holds that

conf,(dz) = o(|z(0x)]) < o(a)

IL+exp(—a) 1 4exp (10g<e+10 5 U)
1 1
=1 =3+¢,

e+0.5
which is the first desired result.

For the second result, Lemma tells us that lims_, . t(d2) = 0 and thus lims_,o, t(6x) "1 = oo.
Therefore, by the definition of confidence (7)) and the continuity of the logistic function at zero, it

holds that
6lim conf;(dx) = 6lim o ( - 6| fu(@)] 1)
o —oo - \ (14 t(0x)~" 7/86%var(fo(z)))?

= lim 0( (@) >
d—c0  \ (6§72 + ¢(0x)~ 1 w/8var(fo(z)))

Nl

o (2] )
(limg_yo0 072 + limg_ oo t(0x)~1 w/8 var(fy (a:)))%

Y ( [fu ()] )
(lims o0 t(52) 1 /8 var(fo(x)))?

which concludes the proof. O
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For ReLLU networks with bias, I can only say things in the limit. A fully rigorous proof for
the asymptotic statement is surprisingly hard.

Theorem 2. Let fy : R™ — R be a binary ReLU classifier, N'(0|u1,Y) be the posterior, and let
t: R™ — (0,00) be defined in [8). For any test point z € R"

1
lim conf;(dz) = - .
—00 2

Proof. By Lemma 2] at the outer polytope of fy w.r.t. , say P, we can write the restriction of fy to
Pas

folp(62) = w(6)T (52) + b(8) = 3(w(8) Ta + 571 b(6))
where § > . Furthermore the gradient of fp(dz) w.r.t. 6 (evaluated at 1) can be written as follows:
g(x) = Vfo|p(dx) = T (6x) +v=8(J "z + 6 'v),

where the n X p matrix J is the Jacobian Ow/d0 at y and v € RP is the gradient Vb of b w.r.t. 6 at p.
Now, Lemmatells us that limg_, o t(62) = 0 and thus lims_,, t(d2)~! = oo. Therefore, by the
definition of confidence (7)) and the continuity of the logistic function at zero, it holds that

im conf;(dz) = lim o | fulp(0)]
61—>oo fi(0x) 61—>o<> ((1 +t(6x)" 1 7/8 g(5x)TEg(6m))% >

16(w(0) "z + 571 b(0))]

, )

= . ((1 1(02) 7 /8 (3T T+ - 10) TR(6(T Tz + 6-10))) 3 >
~ tm oo ( Slw(@) Tz + 61 b(0)] >

s=oo  \ (14 t(6x)~ 17 /862 (JTa +6-10)TX(J Tz +6-1v))2
L ( lw(0) "z + 671 b(0)] )
= lim o i

o=00 \ (672 +¢(0x) 1w/8(JTx+ ") TE(J Tz + 5" Tw))z
., ( lims o0 [w(0) T2 + 61 b(0)] )

(im0 672 + lims_yo0 £(62) L 7 /8 (J T2 4+ 0= 10) TE(J Tz + 6-10))2

- w(6) 2]
-7 <(limtsﬁOo t(62) 17w /8(J T+ 6~ 10)TR(J Tz +0-1v))2 )
=0(0)

1
=5

which concludes the proof. O

Proposition 2. Let fy : R™ — R be a binary ReLU classifier, N' (0|, ) be the posterior, and let
t: R™ — (0, 00) be defined in ). Let the functions z and z; be defined as in @) and (6), respectively.
Then for any x € R",

o(z(x)) =0.5 < o(2(z)) =05 (10)

Proof. It suffices to show that z;(z) = 0 <= z(x) = 0 since 0 1(0.5) = 0. The keys of this
proof are the observation that the codomain of ¢ is the set of positive real numbers, along with the
fact that 2, is just z with the additional term 1/¢(z) in its denominator. In particular, notice that the
numerator of z and z; is the same.

(=) Suppose z;(z) = 0. The denominator of z; is positive since 7/8 > 0, the matrix ¥ is positive
definite, and ¢(z) € (0, 00) by definition. Thus its numerator must be zero, which implies that z(z)
must also be zero.

(«<=) Suppose z(z) is zero. Using the same argument, the denominator of z is positive and thus its
numerator must be zero, which implies that z;(2) must also be zero. O
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Broader Impact

Authors are required to include a statement of the broader impact of their work, including its ethical
aspects and future societal consequences. Authors should discuss both positive and negative outcomes,
if any. For instance, authors should discuss a) who may benefit from this research, b) who may be
put at disadvantage from this research, c) what are the consequences of failure of the system, and d)
whether the task/method leverages biases in the data. If authors believe this is not applicable to them,
authors can simply state this.

Use unnumbered first level headings for this section, which should go at the end of the paper. Note
that this section does not count towards the eight pages of content that are allowed.
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